We study a new model of quantum walk on a one dimensional momentum space that includes both discrete jumps and continuous drift. Its time evolution has two different stages. Initially a Markovian diffusion develops during a characteristic time interval, after which dynamical localization sets in, as in the well known Quantum Kicked Rotor system. For some exceptional values of the model's parameter the system exhibits resonant behavior and the system model behaves as the standard discrete time quantum walker on the line.
Introduction
The quantum random walk on the line has been studied as a natural generalization of the classical random walk in relation with quantum computation. Two cases have been considered: the quantum walk with continuous time or with discrete time steps [1] . One of the most striking properties of the quantum random walk on the line is its ability to spread over the line linearly in time, while its classical analog spreads out as the square root of time. Possible experimental implementations of the quantum walks have been proposed by a number of authors [2, 3, 4, 5] .
Another subject that has drawn much attention in quantum computing is dynamical localization (DL) [6, 7, 8] , since it can become important for process control and measurements in a quantum computer. DL is a quantum interference effect which suppresses quantum diffusion and it is characteristic of one dimensional periodically driven systems with chaotic classical counterparts [9] , such as the quantum kicked rotor model [10] . In recent works [11, 12] , quantum algorithms which simulate the quantum kicked rotor faster than classical algorithms were presented, and we have proposed the use of these algorithms to describe the evolution of discrete time quantum random walk [13] .
In the present work we consider, in section 2, a generalization of the quantum random walk along a line similar to the stroboscopic discrete-time quantum walk presented in [14] , and we make an analytical study. In section 3, a numerical study is performed, which shows that DL plays an essential role in this modified model. The resonances appearing in this model, allow to connect it to the quantum kicked rotor. The last section contains some conclusions that may be drawn from this work.
Generalized quantum random walker
The discrete-time quantum walk on the line describes a particle which is free to move over a lattice of interconnected sites labeled by an index k. In the classical random walk, a coin flip randomly selects the direction of the motion. In the quantum walk, the direction of the motion is selected by introducing an additional degree of freedom, which we call the chirality, which can take two values: "left" or "right", |L or |R , respectively. At each time step, a rotation (or, more generally, a unitary transformation) of the chirality takes place and the particle moves according to its final chirality state. The global Hilbert space of the system is the tensor product H s ⊗ H c where H s is associated to the motion on the line and H c is the chirality Hilbert space.
The conditional translation can be written as T σz where T is the one-site translation operator, T |k = |k + 1 , and σ z the usual 2 × 2 Pauli matrix. Then, this operator shifts the position on the lattice left or right, according to the chirality component
The unitary operation on chirality can be taken as a Hadamard operation,
Then, the usual quantum walk on the line evolves in a time step τ with U = T σz H as
The sites |k are usually associated with position eigenstates, but they can equally well be interpreted as momentum eigenstates, i.e. P |k = k|k , leading to a quantum walk in momentum space. In fact, this is actually the case in proposed implementations of the quantum walk using classical waves [5] .
Here, interpreting the lattice sites as momentum eigenstates will allow us to establish a connection with the kicked rotator.
We modify the quantum walk described in eq.(2) by considering that between two consecutive applications of U the random walker drifts with constant momentum. This drift is represented by a site-dependent phase shift related to the kinetic energy P 2 /2m, so that the new evolution takes the form
where Ω = τ 4πm and m the particle mass. The wave vector can be expressed as the spinor
where the upper (lower) component is associated to the left (right) chirality. The unitary evolution implied by eq.(3) can be written as the map
Note that for integer values of Ω the usual Hadamard walk is recovered [1] .
The evolution of the momentum distribution F k (t) ≡ |a k (t)| 2 + |b k (t)| 2 is obtained from eqs.(5) as in our previous work [15, 13] ,
where
, is an interference term with ℜ(z) indicating the real part of z. If the interference terms are ignored in eq.(6), the resulting evolution is Markovian. In the continuum limit, the familiar diffusion equation
The time behavior of the variance of the distribution,
indicates how fast the quantum walker spreads over the lattice.
In order to study this dynamics we implement the numerical calculation of the variance for several values of the parameter Ω. 
Resonances
Two clear cut different behaviors are found depending on the rational or irrational value of Ω.
When Ω is an irrational number (see Fig. 1 ) an initial stage of quantum diffusion with the diffusion coefficient expected from eq. (7), is followed after a characteristic time by a localized dynamics in which the growth ceases due to quantum interference. The exponential character of this localization is apparent from Fig. 2 , where the distribution F k (t) is shown after 2000 time steps, when DL has already set in. The map (5) implies that when a single site is initially occupied, at a later time only odd or even sites can be occupied. To facilitate the visualization we have plotted in Fig. 2 only the non-zero probabilities. In the case in which Ω is a rational number, the variance of the quantum random walker increases quadratically in time, as shown in Fig. 3 . In this case, the characteristic transition frequency between free particle energy levels is commensurable with the random walk frequency. This is the condition for resonant behavior. To understand such a resonant regime, it is possible to use the theoretical developments presented either in our recent work [13] where we study the principal resonances (Ω integer) of the quantum random walk or alternatively in the results obtained for the kicked rotor in the past [9] .
When Ω = p q is a rational number but not an integer we are in the presence of the secondary resonances. The variance also displays a quadratic growth in time but smaller than the one associated to the main resonances. This is due to the fact that while in the main resonances all the phases add constructively, in the secondary resonances there are at most q different phases that repeat themselves periodically in time. These phases determine the time that takes the coherent behavior to appear.
The figure Fig. 4a shows the probability distribution, after a time 2000τ, of the secondary resonance Ω = 1 11 . In this picture we can clearly observe a constructive interference phenomenon when the moments are multiples of the denominator q,i.e. k = ..., −22, −11, 0, 11, 22, ... . On the other hand, in Fig. 4b the distribution for Ω = 1 11 + 10 −4 , after the same time interval, is clearly localized, showing the sensitivity of the system to small variations of Ω near the resonance. Although Ω is still a rational number, the time at which Fig. 4 . In the upper frame, momentum probability distribution F(k) as a function of the momentum k with Ω = 1 11 . In the lower frame the same distribution for Ω = 1 11 + 10 −4 . In both frames the distribution is calculated for t=2000τ .
the system becomes sensitive to its rational character is much greater than those illustrated in the figure.
It is important to remark that the map introduced in eq. (5) has the same qualitative behavior as that of the quantum kicked rotor. This last system has been one of the most intensely studied quantum systems because its evolution operator can be expressed analytically and its classical version (the standard or Chirikov map) is a cornerstone of the theory of chaotic Hamiltonian systems [16] . In particular, the phenomena of DL was first observed in numerical experiments [10] on the quantum kicked rotor. In the last decade DL has been experimentally observed in samples of cold atoms interacting with a far-detuned standing wave of laser light [17] . When the light field is switched on and off periodically, the system can be modeled by the kicked rotor Hamiltonian in a regime in which quantum effects are important [18, 19] . In a particularly interesting theoretical development, the kicked rotor model has been mapped [20] into an Anderson model [21] thus relating the exponential localization in momentum space to the spacially localized wavefunctions of interest in solid state physics. The similarity of the modified quantum walk presented here with the kicked rotor lies in the fact that the Floquet operator of the kicked rotor involves a kick operator e −iK cos θ , where K determines the kick strength and θ is the angular position of the rotor followed by a free evolution over a time step, e −iP 2 /2 . For the modified quantum walk, the kick operator is replaced by the conditional translation and the Hadamard rotation U = T σz H. It turns out that this replacement does not prevent the modified quantum walk on the line also to be mapped into a localized one dimensional Anderson model following the same scheme originally proposed by Grempel, Prange and Fishman for the kicked rotor problem [20] .
Conclusions
In conclusion, we have made a careful study of a modified version of the discrete time quantum walk on the line. In the generalized model, after an initially diffusive stage DL takes place for most values of the parameter Ω. However, for rational values of the parameter the dynamics of the system corresponds to a resonant behavior. In particular the classical quantum walk is recovered when Ω is an integer.
Much of the interest on the quantum walk has been motivated by the fact that it spreads faster than the classical random walk. In this work we have shown that the quantum walk can be considered as a resonant case of a generalized walk in which intervals of free evolution are considered between successive steps of the usual quantum walk. This generalized walk does not show a quadratic increase of its variance for all values of the parameter; rather, this happens only for exceptional (rational) values, then the quantum spreading is faster than the classical diffusion spread.
The similarity between the modified quantum walk and the kicked rotor has been established. Both models are characterized by two parameters, a strength parameter and a scale parameter. In the case of the modified quantum walk, the scale parameter is Ω = τ 4πm . The strength parameter can be associated to the parameter determining the generalized rotation of chirality, as discussed in [13] .
In the generic case, when Ω is irrational, a new kind of quantum random walk on the line is obtained in which there is an exponential localization of the wavefunction and the variance stops increasing after a characteristic time which can be made small. This feature opens interesting possibilities for quantum information processing. In particular, may DL be used for controlling the spread of a wavefunction? Furthermore, since DL states are robust against moderate decoherence [8, 19] , can they be used in preserving quantum information against environment induced noise? It would be interesting to experimentally observe the effects of resonance and DL when some of the experimental proposals for the quantum walk [2, 3] are implemented. These effects might also be observed in the context of classical wave simulations for the quantum walk [5] .
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